We use compressed sensing to demonstrate theoretically the reconstruction of subwavelength features from measured far-field, and provide experimental proof-of-concept. The methods can be applied to non-optical microscopes, provided the information is sparse.
Here, we show that sub-wavelength information can be recovered from the far-field of an optical image, with the only prior knowledge being that the image is sparse. The idea is based on recent compressed sensing (CS) techniques [6] , which are generically used for efficient sampling of data. These methods are extremely robust to noise in the measured data. Their only condition is that the information is sparse. However, sparse optical images are common in nature, e.g., living cells, etc. We show theoretically the recovery of sub-wavelength structures from measured data restricted to the low spatial frequency content, and provide experimental proof-of-concept, recovering delicate features (amplitude and phase) that were cut off by spatial filtering.
The underlying logic is that sparsely represented signals hold a very limited number of degrees of freedom, since only a small fraction of their coefficients (in the particular basis representation in which the signal is sparse) are non-zero. This enables to separate two subspaces of the basis functions: the one carrying information of our signal e while the other carries almost none. The aim of our approach is to automatically identify the first subspace and ignore the second. A key observation is that the reconstruction process corresponds to reconstructing a signal from the limited set of measurements from the low spatial frequencies. Hence, we need to compensate for the lost high spatial frequencies by assuming additional prior information on the signal, which is its sparsity. We define β as the sparsity level: the relative fraction of non-zero elements in the sparsifying basis of the signal. Since each nonzero component possesses two degrees of freedom -one for its location and the second for its amplitude, one should perform at least a 2β fraction of the total number of possible measurements, in order to reconstruct the signal. To gain more intuition in which basis the measurements should be preformed, let us consider measurements performed in the same basis in which the signal is sparse. Then, the vast majority of the measurements would be zero and cannot provide information about the true signal. In fact we would have to carry out almost all measurements in that basis in order to ensure exact reconstruction. Instead, we wish to choose the measurement basis such that each measurement of any projection contains information about the signal. This can be achieved by requiring that each measurement basis function has low correlation with each signal basis function. A highly uncorrelated pair of bases obeys an uncertainty principle, preventing a signal from being sparse in both bases and ensuring that, if the signal is sparse in one of the bases, it will be very spread in the other. Therefore almost each projection will yield a non-zero informative measurement in the non-sparse basis. Examples of maximally uncorrelated bases are the spatial and Fourier domains: a highly sparse signal (a single delta function) is Fourier-transformed into a spread function covering the entire spectrum. In our sub-wavelength optical setting, we are restricted to measuring only low frequencies. Accordingly, these will be sufficient to recover the signal if it is sparse in a real-space basis that is uncorrelated with the Fourier basis.
Compressed sensing literature offers efficient recovery algorithms, among them the basis-pursuit method involving minimization of the l 1 norm [7] . For optical imaging, an important feature is the ability to detect signals with non-uniform phase. The standard basis-pursuit approach is unable to resolve fine details with different phases, hence we develop an iterative nonlocal thresholding step, facilitating the recovery of signals with phase.
We test the ideas theoretically and are able to reconstruct sub-wavelength information, amplitude and phase. In addition, we devised an experimental proof-of-concept: a standard 4f imaging system with a tunable spatial low pass filter positioned at the Fourier plane. The spatial filter mimics the optical transfer function by eliminating all frequencies above its cut-off. The reconstructed images contain frequency content which significantly exceeds that highest available frequency content. Fig. 1 exhibits the reconstruction of an optical image consisting of three stripes from a single broad strip. Clearly, the idea works well, under conditions physically similar to sub-wavelength imaging: we are able to reconstruct images way beyond cutoff spatial frequencies. We are now working to demonstrate the idea experimentally with true sub-wavelength images of sparse information. (d,e,f) Using a slit, the signal is low-pass filtered at the vertical red lines, yielding a highly blurred image (d). The Fourier spectrum now contains now only the lowest frequencies (e), causing the mergence of the three stripes (in real-space) into one, as seen in the horizontal cross section (f). (g,h,k) Reconstruction using CS methods yields a high quality recovered image (g) and its respective Fourier spectrum (h). The strong correspondence between original and recovery is clearly visible in the horizontal cross section (k). (e) Reconstructed image (e) and its spectrum (f) using CS-methods based on the sparsity of the original information. The function is reconstructed perfectly in both real space and Fourier space, including the phase information. Our algorithm is robust against noise. (g) Adding 1% noise to the filtered spectrum (not shown here), we are still able to reconstruct the original information at high quality in both real space (g) and Fourier space (h). Amplitude and intensity are given in arbitrary units (a.u.), because the system does not depend on the light intensity (e,f) Applying our algorithm reveals the underlying sub-wavelength structure in the real space (e), since the Fourier spectrum is fully restored (f).
